We employ relations between spacelike and timelike deep-inelastic processes in perturbative QCD to calculate the next-to-next-to-leading order (NNLO) contributions to the timelike quark-quark and gluon-gluon splitting functions for the evolution of flavour-singlet fragmentation distributions. We briefly address the end-point behaviour and the numerical size of these third-order corrections, and write down the second moments of all four timelike splitting functions. In the same manner we re-derive the NNLO result for the Higgs-boson decay rate into hadrons in the limit of a heavy top quark and five massless flavours, and confirm the recent N 3 LO computation of this quantity.
In this letter we present new results on the scale dependence (evolution) of the parton fragmentation distributions D h f (x, Q 2 ). Here x denotes the fraction of the momentum of the final-state parton f carried by the outgoing hadron h, and Q 2 is a timelike hard scale, such as the squared fourmomentum of the gauge boson in e + e − → γ , Z → h + X . This scale dependence is given by
where the summation over j = q,q, g is understood. The timelike splitting functions P T ji admit an expansion in powers of the strong coupling α s ,
where we normalize the expansion parameter as a s ≡ α s (Q 2 )/(4π). The leading-order (LO) terms in Eq. (2) are identical to the spacelike case of the initial-state parton distributions, a fact often referred to as the Gribov-Lipatov relation [1] . Also the next-to-leading order (NLO) contributions P
(1) T ji (x) have been known for more than 25 years. These quantities are related to their spacelike counterparts by a suitable analytic continuation [2] [3] [4] , see also Ref. [5] .
In a previous publication [6] we have calculated the next-to-next-to-leading order (NNLO) splitting functions P (2) T ns (x) for the non-singlet combinations of quark fragmentation distributions. This calculation was based on an analytic continuation of the corresponding unrenormalized partonic structure function in deep-inelastic scattering (DIS) [7] , performed after subtracting contributions due to the quark form factor [8] and backed up by another relation between the spacelike and timelike cases conjectured in Ref. [9] . We now address the flavour-singlet timelike evolution
Here ⊗ abbreviates the Mellin convolution written out in Eq. (1), and n f stands for the number of effectively massless quark flavours. Specifically, we extend the approach of Ref. [6] to derive the NNLO diagonal entries P
. The relation of this calculation to Higgs-boson decay will be addressed below.
For brevity focusing on the gluonic case, our calculation starts form the unrenormalized structure function F b φ,g for DIS by the exchange of a scalar φ coupling (like the Higgs-boson in the heavy-top limit) directly only to gluons via φ G a µν G µν a , where G a µν denotes the gluon field strength tensor. This quantity has been computed to three loops for the determination of the spacelike NNLO quark-gluon and gluon-gluon splitting functions in Ref. [10] . In dimensional regularization with D = 4 − 2ε its perturbative expansion in terms of the bare reduced coupling a b s can be written as
The n-th order terms F b(n) φ,g are then iteratively decomposed into contributions arising from the analogous expansion coefficients F m≤n of the φgg form factor [11] and remaining 'real' parts R n ,
Note that the functions R m≥2 do not only collect tree-level amplitudes but also combinations of real-emission and virtual corrections. As in Ref. [6] , this will lead to a problem in the thirdorder analytic continuation. For P (2)T gg , however, this problem can be fixed afterwards in complete analogy to the previous non-singlet quark case (see below), thus we can ignore it for the moment.
The analytic continuation of the form factor to the time-like case is known. The x-dependent functions R n are continued from x to 1/x [2] [3] [4] [5] , taking into account the (complex) continuation of q 2 (see Eq. (4.1) of Ref. [8] ) and the additional prefactor x 1−2ε originating from the phase space of the detected parton in the timelike case [12] . We have performed this continuation using routines for the harmonic polylogarithms (HPLs) [13] implemented in FORM [14] . The only subtle point in the analytic continuations is the treatment of logarithmic singularities for x → 1 starting with
After these analytic continuations the one-parton inclusive fragmentation function in φ-decay is re-assembled order by order analogous to Eq. (5), keeping the real parts of the continued R n only.
Then the renormalization of the operator G a µν G µν a and the strong coupling constant is performed. Finally the timelike splitting functions (and coefficient functions) can extracted iteratively from the mass factorization relations
Here all products of x-dependent (generalized) functions are to be read as Mellin convolutions or as products in Mellin-N space, employing routines for harmonic sums and their inverse Mellin transform back to x-space [14, 15] . Obviously the determination of P φ,q and the corresponding first-order functions (for all these our normalization differs from the standard convention by a factor of two) can be calculated via a direct analytic continuation of F
. We have checked this fact by comparing the corresponding gluonic results for the photon-exchange case to an explicit two-loop calculation to order ε [16] . At the third order in α s , however, this direct continuation fails to correctly reproduce the π 2 contributions already at order ε −3 , thus we cannot derive the off-diagonal timelike NNLO splitting functions in this simple manner.
We are now ready to present our results for the diagonal timelike splitting functions. For completeness we start at NLO where we, of course, reproduce the results of Ref. [3] . Adopting the notations of Ref. [13] for the HPLs, the timelike -spacelike differences can be written as
δ P
(1)
where we have used the abbreviation
Note that the non-HPL terms in Eqs. (9) and (10) are identical up to an overall sign, cf. Ref. [9] .
The functions P T, S
ps denote the 'pure singlet' contributions from which the quark-quark entries in, e.g., Eq. (3) are obtained by adding the corresponding non-singlet quantities.
The difference between the timelike NNLO pure-singlet splitting function and its spacelike counterpart of Ref. [10] 
The corresponding result for the gluon-gluon splitting functions is given by 
913/54 H 0 + 26/9 (H 1,0 + H 2 ) + 4/9 (35 x −1 + 21 + 48 x) H 0,0 + 4 (1 + 4x) H 0,0,0 
Eqs. (11) and (12) represent the main new results of this letter. Analogous to the non-singlet result of Ref. [6] , the coefficient of C 3 A p gg (x)H 0,0 ζ 2 in Eq. (12) differs from the result of the analytic continuation as specified above. We have determined the correct coefficient via the momentum sum rule for n f = 0. The complete C 3 A , C 2 A n f and C A n 2 f parts of Eq. (12) have been independently derived by applying the approach of Ref. [9] to the (non-singlet like) non-C F contributions to P gg . Furthermore an inspection of the above results reveals that also δ P (2) gg + δ P (2) ps does not receive any non-HPL contributions. Since the determination of these two functions uses largely independent information, we view this fact as another non-trivial check of our calculations.
As predicted in Ref. [9] , the large-x behaviour of P (2) T gg is identical to that of its spacelike counterpart (see Eq. (4.16) of Ref. [10] ) up to the sign of the subleading ln(1 − x) contribution.
The pure-singlet splitting functions are suppressed by two powers of (1 − x) for x → 1. We now turn to the small-x limits. Up to terms suppressed by powers of x the NLO quantities read
with L 0 ≡ ln x. The log-enhanced contributions of our new diagonal NNLO splitting functions are
. (15) Thus, in contrast to the corresponding spacelike quantities, the NNLO timelike singlet splitting functions receive double-logarithmic contributions with very large coefficients, with the leading term of Eq. (15) agreeing with Refs. [17, 18] . Consequently both xP (2) T ps and xP (2) T gg -despite a large cancellation between the leading-and subleading logarithms for the latter quantity -show a huge enhancement already at x > ∼ 10 −3 as illustrated in Fig. 1 . For this and the next figure the harmonic polylogarithms have been evaluated using the FORTRAN package of Ref. [19] .
Returning to the region of medium and large values of x, Fig. 2 shows the LO, NLO and NNLO approximations to the diagonal entries in Eq. (3) at a scale relevant to gauge-boson and, maybe, Higgs decay. Also here the higher-order corrections are larger than for the spacelike case, in particular for the gluon-gluon splitting. Nevertheless the perturbative expansion appears wellbehaved at least for x > ∼ 0.1. As usual, the region of safe applicability of the NNLO approximation for Eq. (1) will be wider as an effect of the Mellin convolution.
As mentioned above, we are presently not in a position to derive the ζ 2 -terms of the offdiagonal quantities P (2)T qg (x) and P (2)T gq (x) (with the exception of some n f -enhanced contributions). However, their non-ζ 2 second moments provide another check, via the momentum sum rule, of our new results (11) and (12) . Furthermore, using these results and the momentum sum rule, the missing off-diagonal terms can be reconstructed at N = 2. Hence we can write down the complete NNLO expressions for the second moments of all four splitting splitting functions, To summarize, we have used relations between spacelike and timelike quantities to compute some important higher-order QCD corrections for timelike processes. We expect that further progress can be achieved along these lines. However this will require improvements on the present decompositions into purely real and real-virtual terms which are beyond the scope of this letter.
FORM and FORTRAN files of our results can be obtained from http://arXiv.org by downloading the source of this article. Furthermore they are available from the authors upon request.
